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Abstract
The pn junction in mono-layer graphene with both intrinsic and Rashba spin-orbit interac-
tions is studied theoretically. We show that a crossover from perfect reflection to perfect trans-
mission occurs at normal incidence by tuning perpendicular electric field. Angular dependent




There has been recent interest in a novel class of band insulators, called topological insulators
(TIs) [1]. TIs are characterized by a bulk gap and spin filtered edge states at the boundary. These
gapless edge states originate from the lattice spin-orbit (SO) eﬀect and are protected by time-
reversal symmetry from moderate disorder and interaction. In their seminal paper [2], Kane and
Mele demonstrated that a graphene monolayer may become a TI when the intrinsic SO coupling
dominates over the extrinsic Rashba coupling.
Since the insulating regime is rather diﬃcult to access experimentally, we propose in a recent
paper [3] to characterize this crossover by transport properties in the doped regime. In particular
we stress that transport through a bipolar pn junction should diﬀer strongly in the distinct cases
Δ ≥ λR and λR ≥ Δ respectively.
Quasi-relativistic Klein tunneling [4] was demonstrated experimentally [5, 6, 7, 8] by using
local gating techniques, and the corresponding theory have received a great deal of attention
[9, 10, 11] in the absence of SO coupling.
2. Kane-Mele model and single valley approximation
The Kane-Mele model describes the low-energy dynamics of quasiparticles near the K and
K′ points of graphene in the presence of spin-orbit eﬀects [2]. The corresponding Hamiltonian
HKM = H0 + HS O + HR, where
H0 = −i~vF(σxτz∂x + σy∂y), HS O = −Δσzτz sz, HR = λR(σysx − σxτz sy), (1)
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acts on the slowly varying envelope ψ(x, y) of electronic Bloch wavefunctions, which are indexed
by real spin (Pauli matrices si, i = x, y, z), lattice isospin (σi) and valley isospin (τi) quantum
numbers. The kinetic Hamiltonian describes massless Dirac fermions and is spin-independent.
In the following we shall use units with ~ = vF = 1.
The intrinsic spin-orbit eﬀect is completely determined by the symmetries of the honeycomb
lattice and by the geometry of the carbon orbitals. It can described by the Hamiltonian HS O
where 2Δ is the value of the gap induced at K (and K′). In the presence of a perpendicular
electric field (generated by the distant gate), there is an additional Rashba spin-orbit coupling
[12] HR where λR is proportional to the electric field.
In the following we shall restrict ourselves to transport through potential barriers which are
smooth on the scale of the atomic lattice period. Therefore we shall neglect altogether interval-
ley scattering by using a single-valley version of the Kane-Mele Hamiltonian HKM wherein the
eigenvalue of τz is replaced by +1 (or −1) for K (or K′). The resulting Hamiltonian H(K)KM consists
in a 4 × 4 matrix in the basis (A ↑, B ↑, A ↓, B ↓) applying to a four-component spinor of the
form t
[
ψA↑, ψB↑, ψA↓, ψB↓
]
. Here the arrow index (↑, ↓) stands for real spin while the index (A, B)
denotes the two inequivalent sites of the honeycomb lattice.
In the homogeneous case, the two-dimensional momentum p = (px, py) is a good quantum
number. The single valley Kane-Mele Hamiltonian H(K)KM is diagonalized by the eigenspinors
|αβ〉p as H(K)KM |αβ〉p = Eαβ(p)|αβ〉p, where α, β = ±1 are band indices. The four energy bands are
characterized by the dispersion
Eαβ(p) = α
√
p2 + (Δ + βλR)2 + βλR, (2)
where p2=p2x + p2y . The energy spectra has distinct features depending on the value of the ratio
λR/Δ .
In coordinate representation, the eigenspinors |αβ〉p are plane waves
〈r|αβ〉p = Φβ(E, p)eip.r with
Φβ(E,p) = A(E,p)
[
px − ipy, E + Δ, −iβ(E + Δ), −iβ(px + ipy)
]
, (3)
where A is the normalization factor, and p.r =pxx + pyy. Note that for a given energy E, the
band index α is automatically determined. The spinor Eq. (3) also describes evanescent modes
characterized by a purely imaginary px Naturally, those modes cannot exist in an infinite sheet,
but they develop in the presence of an interface (see below the interface between the n− and p−
doped regions) and contribute to the scattering properties.
In the gapped case (Δ > λR), the system may become insulating or metallic as the electronic
doping is tuned by an electrostatic gate. Even in the metallic case, the charge carriers have
nontrivial Dirac character since their dispersion and their wavefunctions depend crucially on the
spin-orbit parameters λR and Δ through Eqs. (2,3).
Eigenstates with diﬀerent momentum or energy are orthogonal to each other:
p〈αβ|α′β′〉p′ = δαα′δββ′δpp′ . Here, eigenstates of the Kane-Mele model satisfy an additional
orthogonality relation: Φ†βΦβ′ = δββ′ when py = 0 (or more generally if p ‖ p′). This can be
verified explicitly using eq. (3).
We emphasize that the two band indices α and β play a very diﬀerent role. The index β is more
important for the subsequent analyses, determining the symmetry of wave function. The index
α is, on the other hand, automatically determined once E is given, and specifies whether a state
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belongs either to the conduction or to the valence band. The orthogonality between eigenstates
with diﬀerent β also holds true for evanescent modes realized in the vicinity of pn-junction (see
below).
3. The pn-junction Model
We now introduce our model of a pn-junction in a monolayer of graphene described within
the Kane-Mele model. We assume that an electrostatic gate creates a potential barrier V(x)
which is smooth on the scale of the atomic lattice. Moreover we consider an idealy pure system,
a situation which have been approached experimentally in suspended devices [13, 14]. Then no
inter-valley scattering is involved, i.e. K and K′ points are decoupled. One can use safely the
single-valley approximation and describe the junction by the 4-band Hamiltonian
H(x) = H(K)KM + V(x), V(x) =
{
0 (x < 0)
V0 > 0 (x > 0) . (4)
where the V(x) term is diagonal in both spin and lattice isospin degrees of freedom. Moreover
we assume that the barrier is sharp on the scale of the Fermi wavelength in each of the metallic
bands at right and left. Note that we also assume a straight interface with translational invariance
along the y direction (no roughness along the interface x = 0).
We investigate how incident fermions from the left are scattered by the potential barrier V(x).
Owing to translational invariance along the y axis, the momentum py is a good quantum number
and factors eipyy can be omitted accordingly. We now construct scattering states at the Fermi
level defined by their energy E and momentum py. We choose the energy E such that incident
particles are injected from the single band E+−(p), which is realized for −Δ < E < 2λR + Δ.
The scattering state takes the following form:
Ψ(x < 0) = Φ(i)eikx + rΦ(r)e−ikx + revΦ(ev)eκx, Ψ(x > 0) = t+Φ(+)eip+x + t−Φ(−)eip−x, (5)
where Φ(i) = Φ−(E,pi), Φ(r) = Φ−(E,pr), Φ(ev) = Φ+(E,pev), and Φ(β) = Φβ(E − V0,pβ). The
wavevectors of the incident, reflected, evanescent and transmitted waves are respectively pi =
(k, py),pr = (−k, py), pev = (−iκ, py) and pβ = (pxβ, py). On the transmitted side, Φ(+) and Φ(−)
represent either a propagating or an evanescent (p± becomes pure imaginary) mode depending on
the sign of p2
xβ. If p2xβ > 0, the mode in the corresponding E−β(p) band is propagating. The actual
sign of pxβ is chosen such that the group velocity is positive, thereby describing an outgoing
transmitted wave packet. In the specific case of inter-band tunneling, the positive group velocity
is realized by a negative momentum state (α < 0 in Eq. (2)) implying pxβ < 0. If p2xβ < 0, the
mode in the corresponding E−β(p) band is evanescent.
Demanding continuity of the wavefunctions Ψ(0+) = Ψ(0−) at the interface, we obtain four
independent scalar equations for the scattering parameters : r, rev, t+ and t−. Thus the reflection
probability R = |r|2 is determined uniquely for given E, V0 and py.
4. Transmission at normal incidence
We examine here the normal incidence transmission (py = 0) through the pn junction in the
presence of Rashba and intrinsic SO eﬀects. The pn junction is defined by Eq. (4) together with
the condition V0 − E > Δ to insure inter-band tunneling.
A. Yamakage et al. / Physics Procedia 3 (2010) 1243–1248 1245
A. Yamakage et al. / Physics Procedia 00 (2009) 1–6 4
Figure 1: Reflection probability R at normal incidence. Left panel show R = |r|2 as a function of E and V (here, only
inter-band tunneling is considered). This panel corresponds to λR/Δ = 1.7. The right panel shows dependence of R on
λR for a fixed value of E and V: (V0/Δ, E/Δ) = (2.2, 0.5). The cross symbol in the left panel indicates these values of V0
and E. The broken lines in the right panel show, in turn, the values of λR chosen in the left panel.
At large enough Rashba coupling, namely λR > (Δ+V0−E)/2, there is one propagating (Φ(+))
and one evanescent (Φ(−)) transmitted waves, momenta px+ and px− being respectively real and
purely imaginary. As a result, unimodular reflection amplitude r is obtained, thereby indicating
perfect reflection. This nontrivial total reflection arises because the only propagating transmitted
wave (Φ(+)) is orthogonal to the incident wave (Φ(i)) at normal incidence. This situation is similar
to inter-band tunneling in bilayer graphene as we shall discuss later.
For smaller Rashba coupling Δ < λR < (Δ+V0−E)/2, both transmitted waves are propagating
leading to finite transmission through the Φ(−) wave. Accordingly the momentum px− is real and
r implies partial reflection, i.e. 0 < |r|2 < 1.
Fig. 1 shows the reflection probability as a function of V0 and E. The (red) diagonal stripe is
the region of perfect reflection. The reflection probability is suppressed with decreasing Rashba
coupling as shown in the right panel of the figure.
At λR = Δ, the bands Eα− become linear Eα−(p) = α |p|−Δ and combine to form a Dirac cone.
Meanwhile, the spinors show further orthogonality relations in addition to the one with respect to
β. Namely, at this particular value the reflected wave becomes orthogonal to the incident wave,
thereby implying perfect transmission.
If λR < Δ, both Φ(+) and Φ(−) describe propagating waves. Therefore the reflection is partial,
the probability |r|2 taking intermediate values between zero and one.
Summarizing this section, we have seen that the pn junction shows a crossover from perfect
reflection at large Rashba coupling towards perfect transmission when λR = Δ, while finite
reflection is restored at smaller values of the Rashba coupling (Fig. 1, right panel). These
contrasted behaviors are reminiscent of those of a pn junction in single and bilayer graphene
which show respectively perfect transmission and perfect reflection at normal incidence [9, 15].
These remarkable features originate from the orthogonality between the incident and scat-
tered spinors at normal incidence. However, this orthogonality relation between Φ+(E,p) and
Φ−(E,p) is broken as soon as py becomes finite.
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Figure 2: Angular dependence of the reflection probability R(φ) = |r|2. R(φ) is plotted at (V0/Δ, E0/Δ) = (2.2, 0.5) for
diﬀerent values of λR/Δ = 1.7, 1.3, 1, 0.7.
5. Transmission at arbitrary incidence
We now focus on the angular dependence of the transmission through a bipolar pn junction.
The reflection probability R(φ) = |r|2 is obtained by solving the continuity equation Here the
incident angle φ is defined by py = k sin φ.
As discussed previously the pn junction exhibits a perfect reflection at normal incidence
for large enough Rashba coupling λR > (Δ + V0 − E)/2. As one varies the incident angle φ
from normal incidence (φ = 0), the reflection coeﬃcient decreases and the curve R(φ) exhibits a
broad dip (curve λR/Δ = 1.7 in Fig. 2). This feature clearly distinguishes the perfect reflection
due to orthogonality in the normal incidence from the perfect reflection due to a band gap on
the transmitted side. In the case of perfect reflection due to band gap, the reflection probability
remains trivially equal to unity when one varies the incident angle φ away from normal incidence.
At large incidence, one recovers total reflection.
For intermediate Rashba coupling Δ < λR < (Δ+V0−E)/2, reflection is only partial at φ = 0
and the curve R(φ) exhibits a peak (curve λR/Δ = 1.3 in Fig. 2). The initial increase of R(φ) is
related to the overlap between the incident wave and transmitted (Φ(+) and Φ(−)) waves. At small
incidence, the dominant eﬀect is the reduction of the overlap with the Φ(−) mode yielding an
increasing reflection probability. The local maximum of R(φ) appears when the Φ(−) mode turns
to evanescent. For larger incidence, the dominant eﬀect is the increase of the overlap between
the incident wave and the (propagating) transmitted Φ(+) mode, thereby providing a decrease of
R(φ).
When λR = Δ, the property of perfect transmission (which is exact at φ = 0) pertains quite
accurately to a broad range around normal incidence (curve λR/Δ = 1 in Fig. 2).
When λR < Δ, the reflection probability R(φ) shows a sharp dip (Fig. 2 (d)) at the angle where
Φ− mode turns to evanescent . The nature of this singularity is similar to that of peak structure at
intermediate Rashba coupling already discussed. The singularity appears when E − (Δ − 2λR) >
−Δ − (E − V0), which means λR/Δ > 0.6 for (V0/Δ, E0/Δ) = (2.2, 0.5). Note that E+− and E−−
bands are symmetric w.r.t. E = −λR.
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6. Concluding remarks
We have shown that at normal incidence the pn junction transmission exhibits a crossover
from perfect reflection at large Rashba coupling to perfect transmission when the Rashba cou-
pling exactly balances the intrinsic spin orbit coupling. Further study on the angular dependence
enabled us to clearly distinguish such unique features from trivial band gap eﬀects.
The values of SO interactions are estimated as 2Δ ∼ λR ∼ 0.1K [16]. The corresponding
experiments should be done on graphene with very low absolute Fermi energies whose orders
are same as SO interactions on both sides of the pn junction. Therefore disorder may hinder the
observation of the crossover from perfect reflection to perfect transmission at the pn-junction
[17]. Nevertheless on-going progress in sample preparation might eventually render the spin-
orbit eﬀects observable in suspended graphene devices [13, 14].
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